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Abstract. Let / be a transcendental entire function for which the set of critical and 
asymptotic values is bounded. The Denjoy-Carleman-Ahlfors theorem implies that if 
the set of all z for which \f{z)\ > R has A'' components for some R> 0, then the order 
of / is at least N/2. More precisely, we have log log M(r,/) > ^A^logr — 0(1), where 
M(r, f) denotes the maximum modulus of /. We show that if / does not grow much 
faster than this, then the escaping set and the Julia set of / have positive Lebesgue 
measure. However, as soon as the order of / exceeds N/2, this need not be true. The 
proof requires a sharpened form of an estimate of Tsuji related to the Denjoy-Carleman- 
Ahlfors theorem. 



1. Introduction and results 

The Julia set J{f) of an entire function is defined as the set of all points in C where the 
iterates of / do not form a normal family; see [3] for an introduction to transcendental 
dynamics. 

McMullen [T6] proved that J(sin(az -|- /?)) has positive Lebesgue measure and that 
J(Ae^) has Hausdorff dimension 2, for a, A e C, a, A 7^ 0. The result on the Hausdorff 
dimension of J(Ae^) has been extended to large classes of functions; see [H 13 HH |25]. It 
is the purpose of this paper to exhibit a class of functions whose Julia sets have positive 
measure. However, we begin by briefly describing the results on Hausdorff dimension. 

We first recall that the Eremenko-Lyubich class B consists of all entire functions for 
which the set of finite asymptotic values and critical values is bounded. Eremenko and 
Lyubich [10] proved that if / G 5, then the escaping set /(/) consisting of all points 
2; G C for which /""{z) — > 00 is contained in In fact, it follows that J(/) = /(/) for 

f & B. It is easily seen that sm{az + j3) & B and Ae^ G B. McMullen actually proved 
that /(sin(a2; -|- (3)) has positive measure and /(Ae^) has Hausdorff dimension 2. 

Next we note that the order Q{f) of an entire function / is defined by 

If. y log log M(r,/) 
QU) = limsup 

r^oo log r 

where 

M(r,/) = max |/(^)|. 

\z\=r 

Thus g{f) is the infimum of the set of all /x such that \ f{z)\ < exp(|2;|'') for large \z\, with 
g{f) = 00 if no such /i exists. We note that p(Ae^) = g{sm{az + (3)) = 1. 

McMuUen's result on the Hausdorff dimension of J(Ae^) was substantially generalized 
by Barahski [Ij and, independently, Schubert [21] • They proved that if / G -B and 
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g{f) < oo, then J{f) has Hausdorff dimension 2. The special case where / has the form 
(1.1) f{z)= r P{t)e'^^'Ut + c, 



with polynomials P and Q and with c G C had been treated before by Taniguchi [25] . 
These functions are in B and we have g{f) = degP. 

A generalisation of the result of Barahski and Schubert was given in [5] where it is 
shown that if / G -B and 

log log log M(r,/) 
q — hmsup — < oo, 

r^oo log log r 

then /(/) and hence J{f) have Hausdorff dimension at least (g + l)/q. For further 
results on the Hausdorff dimension of Julia sets of entire functions we refer to [2], E] and, 
in particular, the survey [21]. 

While McMuUen's result on the Hausdorff dimension of J(Ae^) thus has prompted a 
lot of further research, there seem to be no papers whose main intention is to extend 
McMullen's result that J{sm{az + /?)) has positive measure to more general classes of 
functions. However, there are some papers devoted to ergodic properties of transcendental 
entire and meromorphic functions and their results in particular imply that the Julia sets 
of certain functions have positive measure. We mention the work of Bock [7] whose 
results imply that if / G -B and if there exist a > and R > such that the set of all 
z for which \z\ > R and \ f{z)\ < e* is contained in finitely many domains of the form 
{z : I argz — s| < t/(log |;i;|)"} for all large t, then /(/) has positive measure. For example, 
this result applies to f{z) = R{e^), where i? is a rational function with -R(O) = R{oc) = 0, 
or to f{z) = sin P{z), where P is a polynomial. Skorulski f22] considered functions of 
the form 

aexp{zP) + bexp{—z^) 
cexp(zP) + dexp{—zP) ' 

where p G N and a, b,c,d ^ C, and Hemke [13] studied a class which contains all functions 
of the form (11. ip . Both Skorulski and Hemke proved that J{f) has positive measure for 
the functions considered, if the singularities of the inverse have a certain behavior under 
iteration. For a more detailed description of the above and other results on the measure 
of Julia and escaping sets we refer to the survey by Kotus und Urbahski [14i section 7]. 

We shall exhibit a condition which depends only on the growth of / and which, for 
/ G -B, implies that /(/) and J{f) have positive measure. Before stating this condition 
we recall that (one version of) the Denjoy-Carleman-Ahlfors-Theorem (see [TT| p. 173], 
[T2l section 8.3] or |17, p. 309]) says that if / is entire, R> and denotes the number 
of components of 

An = {zeC:\f{z)\>R}, 

then N < max{l, 2f)(/)}. As we shall see below, we have g{f) > | for f E B. (This 
seems to have been observed first in [HITS]; see also [^ Lemma 3.5].) Thus A^ < 2^(/) 
in this case. More precisely, we even have (see [T2| Theorem 8.9] or [T7t p. 312]) 

A^ 

(1.2) loglogM(r,/) > -logr - 0(1) 

as r — »• CX3. We shall show that if f E B does not grow much faster than guaranteed 
by (11. 2p . then /(/) and J{f) have positive measure. In particular, we shall see that this 
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is the case if we have equahty in (11. 2p or, more generally, if 

loglogM(r,/) < (^+ , \ ]\ogr 



2 log'^r 

for large r, where log"^ denotes the m-th iterate of the logarithm. 

To formulate a more precise condition we fix /3 G (0, 1/e) and note that the function 
Ep{x) = e^^ has a repelling fixed point ^ > e with multiplier 

Now Schroder's functional equation 

(1.3) $(i?^(^)) = /i$(z) 

has a unique solution $ holomorphic in a neighborhood of ^ and satisfying $(0 = 
and $'(^) = 1. It is not difficult to see that $ is real on the real axis and that $ has a 
continuation <l> : [^, oo) — > [0, oo) so that (11.31) is satisfied for ^ < 2; < cx). Moreover, $ is 
increasing on the interval [^, 00) and we have limj-^oo ^{x) = 00 while 

$(x) 
lim - — ;-— = 

x^oo log X 

for all m G N. Thus $ tends to 00, but slower than any iterate of the logarithm. Hence 
the function 

(1.4) £:(e,oo)^(0,oo), e{x) ^ 



$(x) 



is decreasing and tends to as x — 00, but it tends to slower than any of the functions 
l/log'"^:. We mention that the function $ also appears in recent work of Peter [18] on 
Hausdorff measure of exponential Julia sets. 

Theorem 1.1. Let f & B and suppose that Ar has N components for some R> 0. Let 
e{x) be defined by (11.41) and suppose that 

fN \ 
log log M(r,/) < — + s{r) logr 



^ 2 

for large r. Then I{f) and J{f) have positive Lebesgue measure. 

In section m we will give an example which shows that the function e{r) in Theorem ll.il 
cannot be replaced by a positive constant e. 

The proof of Theorem 11.11 will use some ideas connected to the Denjoy-Carleman- 
Ahlfors-Theorem. One way to prove the latter theorem is based on an estimate of 
Tsuji [26l p. 116]. To formulate this result, let f/ be a component of Ar, let 

(1.5) 9{r) = meas {{t G [0, 27r] : re^* G U}) , 

put e*{r) = e{r) a {z e C : \z\ = r} (;t U and put e*{r) = 00 and thus l/9*{r) = 
otherwise. Tsuji's result says that for < k < 1 there exist constants C and tq such that 

(1.6) loglogM(r,/)>7r / 

Jro 



te*{t) 



c 



for r > Tq/k. 

Eremenko and Lyubich proved that if f E B and R is chosen such that all critical 
and finite asymptotic values have modulus less than R, then all components of An are 
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simply connected and unbounded. For large r we thus have 6*{r) = 6{r) < 2tt and 
hence ( II .Op yields 



log log M(r, /)> ^ /" - C =\\ogr - C -\og — 



for large ro and r > vq/k. In particular, it follows that g{f) > | for / G 5, as mentioned 
above. 

To prove Theorem 11.11 we shall need a refinement of (11. 6p in the case that 
(1.7) {z eC:\z\=r} (^U 

and hence 6*{r) = 9{r) for large r. 

Theorem 1.2. Let f be entire, R> and let U be a component of Aji such that (ll.7p 
holds for all large r. Let < (3 < ^ and put 

V={zeU:\f{z)\>exp{\zf)} 

and %l){r) = meas({t G [0, 27r] : re'* G V}). Then for < k < 1 there exist constants C 
and ro such 

f^"" dt 

loglogM(r./)>.£ ^-C 

for r >rQ/ n. 

We shall prove Theorem 11.21 in section [2] and Theorem 11.11 in section [31 

2. Proof of Theorem 11.21 

In this section we prove Theorem 1 1 . 21 following an argument by Tsuji [26l section III. 17]; 
see also [HI section 5.1] and, for a slightly different approach, [I2l section 8.1]. The 
original result is stated for subharmonic functions and the main difference here is that 
our function log \ f{z) \ — \z\^ is not subharmonic. 

The following lemma [26l p. 112] is known as Wirtinger's inequality. 

Lemma 2.1. Let f and f be continuous in [a, 6] and f{a) = f{b) = 0. Then 



nxfdx > - — - / fixfdx. 

[b - ay 

Let v{z) = log \ f{z) \ — \z\^ and let 

V = {zeU : v{z) > 0} C f/, 

where t/ is a component of A^. Define = {0 G [tr,27r + t^] '■ re*^ G V} where t^. is 
chosen such that re**'' ^ U and put 

m(r) = my{r) = — / v{re^^Ydt. 

Hence meas(K) = ^Jir). Recall that 0{r) is defined by (11.50 . 
Next we prove the following. 

Lemma 2.2. There exist positive constants c and ro such that m{r) > or for r > r^. 
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Proof. Let u{z) = log \f{z) \ — logi? foiz&U and u{z) = outside U. Then m > and 
u is subharmonic. Let 

m„(r) = ^ ^ u{re'^fde. 

Note that log M(r, /) > ^m„(r). Inequality 01.61) is actually a corollary of a more general 
result [m Theorem 8.2] which says that 



* -c. 



te{t) 



log \/mjy) >7T 

J r^ 

for r > Tq/k. Since 6'(t) < 27r we obtain 

logm„(r)>27r / -C> C>\ogr-0{l), 

Jro ^V-) J TO * 

and we conclude that mu{r) > c'r for some c' > 0, if r > to/k. 
To obtain a similar estimate for mlr), first write 

t;(re'^)2rf^= f u{re'^fde-2 [ u{re'^yde+ [ r'^^dO. 

Vr JVr JVr J Vr 

By the Cauchy-Schwarz inequality, 



f u{re'y^de < J [ u{re'^ydeJ I r^Hd < V2^r\ [ u{re^<^Yde. 

JVr V JVr V JVr V J Vr 



Hence 



(2.1^ 



We have 



v{re'^fde> / uire'^fde - Vs^r\ u{r&<^Yde 

Vr JVr V 



u{re'^ydeij uire^Yde - V^r^ 

Vr V V JVr 



cr < mu{r) 



^ ^ uire'^fde + — / uire'^fde 



271" Jvr 27r 0<«(re»«)<r'3} 



Hence 



u(re^^)2rf^ > 2'Rcr - lixr'^^ > c'r 

'Vr 

for some c" > and r > tq, provided tq is large enough. 
Hence ([211]) yields 

If. 1 

m(r) = — / v{re^^Yd9 > — \J d'r{\J d'r — VSnr^) > cr, 

for some c > and r > tq, if tq is sufficiently large. □ 
Next we prove (following Tsuji |26]) that m(r) is a convex function of logr for large r. 
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Lemma 2.3. There exist tq > such that 

(Pmir) 

— > 0, 

(i(logr)2 

for all r > Tq. 

Proof. The Laplacian in polar coordinates is given by 



(2.2) 



Av{re'^) = A (log |/(re'^) | - r^) = 



\ (9(logr)2 86"^ 
The set Vr consists of finitely many intervals [aj{r), f3j{r)]. Then 
dm{r) 1 ^ d /-^^("^ 



dlogr 27r (ilogr 



-E 

j 

-E 

27r ^ 

i 

-E 

27r ^ 



v{re'yde 



(r) 

/3.{'^) dv{re'y 



d log r a log r 



aj(r) 



dv{re^' 
dlogr 



-de 



i0.dv{re ) 



Vr 



dlogr 



since y(re*"-'''^^) = t)(re*^^*^'''') = 0. 
Also, 



(2.3) 

Now 



dilogrY TT Jvr V <91ogr 



2 



d m{r) Iff dv{re ) 



+ w(re*') 



92t;(re^^) 
9(logr)2 



^(.„(„.V)4(2.(.e«)^M^ 



and since ti(re*°-'*^''^) = t)(re*^^ *^^-') = we have 

r-/3j(r) ^2 



2w(re*^) 



+ 2 



dv{re 
9^ 



ie\ \ 2 



aj(r) 



902 



>(re*^)2)d0 



Oj (r) 



for all j. Thus 



t;(re^^) 



d'^vire^^) 
86^ 



de = ~ 



and using (12. 2p and (12. 3p we obtain 

d'^m{r) Iff fdv{re^^^^'^ 



d{logr) 



TT 



dlogr 



+ 



dv{re 



dv{re 



i6\ \ 2 



ie\ \ 2 



de 



v{re'^)(3\nde. 
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Let us write 

1 f (dv{re^^)' 



Ji-- — de, 



J3 = 1 / v{re'^)0'r'^de. 

^ JVr 

To estimate Ji we use the Cauchy-Schwarz inequality to obtain 
\d\ogT) U.A//^ ^ 51o| 



ir 



< 2m{r)Ji. 

Hence 

Ji > 1 f dm{r) V 
~ 2m{r) \d\ogr J 

Recall that Vr is a union of intervals [c(j{r), Pj{r)] so that ■0(r) = {Pj{r) 
Using Wirtinger's inequality on each of these intervals we get 



viren^de 



Summing over all j yields 



> — / vire^yde. 



> ^ 



^ / vire'^de 

■ J aAr) 



TT 



-m[r) 



[ v{re"^fde 

JVr 



To estimate J3 we use the Cauchy-Schwarz inequality again to obtain 



J3 = ^ / v{re"^)d9 
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Using Lemma 12.21 and putting 7 = 2/?^/ ^ we obtain 
Hence 



d{logr] 



> J1 + J2-J1 



3 



(2.4) >^—(^I^\ +^rn{r)-^rP-'/^m{r) 

2m[r) yd log r / ip[r)'^ 

dm{r) \ ' ^ m(r) / / 2t^\ ' _ 2^^^3-1/2 



2m(r)\d\ogr J 2 V\'^(^ 

Since il){r) < 2tx and /? < | there is some rg > such that 

(2.5) - 27r'3-i/2 > for all r > tq 

V^(r)y 

Hence 

— > for all r > tq. 
a(logrj^ 

By (12.51) we may define a and a by 



2vr 



□ 



a{r) = a(logr) = ( — 27r^ 

for r > tq. Put /i(t) = m(e*). We use the change of variables r = e*, so a(t) = a{r) and 
/x(t) = m{r). Now inequality (12.41) becomes 

From this we deduce (see Tsuji [261 PP- 114-115]) that 
(2.6) f^V>«W'^ 



We now argue that in fact also /u'(t) > for large enough t. Lemma [2.21 implies that 
n{t) = m(e*) > ce* for all t > logrg. This means that fi'{t) = rm'{r) > for some t 
because otherwise /i would be bounded. Since also fi"{t) = d^m{r) / d{\ogrY > for large 
t this implies that actually yu'(t) > for all large t, say t > logrg. 

Hence from (12.61) we get 

^^>a(t) for alH > logro. 
/i'(t) 

To conclude the proof of Theorem 11.21 let r > to = log tq and note that 

log/i'(r) -log/i'(to) = / -^^dp> / a{p)dp, 

J to (P) J to 

so 

/u'(i") > /i'(^o) exp I a(p)c?p|. 
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With t = logr > to we have, since is increasing for t > logro, 
(2.7) fi{t) > ij{t) - /i(to) = [ ^i'{T)dT > iJ,'{to) I exp I /" a{p)dp \dT. 

J to J to K J to 

With p = log s and r = log a we get 

da 



) 



For r >ro/K,, with < k < 1, we thus have 

> p'ito) I expl [ ^ds\— > /i'(to)(l - k) exp 
With Co = /i'(to) thus 

(2.8) /i(t) > co(l - k) exp I ^ "T^^^}- 

We want to estimate the integral on the right side. We have 
2n 



as 



ip{s) V 27r2 ' - ^(s) V 27r2 ' y ^(s) vr 

for s > ro, where we used that ^/x > x for x G [0, 1]. Therefore, 

ais) , ^ r" ds 1 , B s/2 , 

^ 'ds>2'n I — TT" / ij{s)s^~^'^d. 



'ro S J TO ^ Jro 

But, since /5 < 1/2 and ip{s) < 2n, 

^ / ^(s)s^-3/2ds < Ci 

for some constant Ci > 0. Hence (12.81) yields 

f f'^'' ds 1 
/^(^) > co(l — K)e exp < 27r / — -r^ds \ . 

I iro s^(s) J 

Recalling that t = logr and m(r) = p(t), we get 

m(r) > C2 exp < 2it / —-—ds }, 

where C2 = co(l — /t)e'^^ 
From this and the fact that 

log log M(r,/) >logmaxf(z) > log ^/m{r) = - log m(r), 

\z\=r 2 

Theorem 11.21 follows. 

Remark 2.1. With some more effort (see again [26]), one can show that 

m[p) < exp { —2-n I ds 

1-K [ Jp s 

for Tq < p < Kr. Using this it follows that the constant C in Theorem 1.2 only depends 
on K, ro and /3. 
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3. Proof of Theorem 11.11 

Before we begin with the proof of Theorem 11.11 we need some auxihary results. We 
begin by describing the logarithmic change of variable which was the main tool used by 
Eremenko and Lyubich to study the dynamics of a function / G -B. We choose R > |/(0)| 
such that A/j = {z E C : \z\ > R} contains no critical values and no asymptotic values 
of /. As already mentioned in the introduction, Eremenko and Lyubich showed that 
every component U of = f~^{A^) is simply connected. The map f : U A/j is 
thus a universal covering. With H = {z & C : Kez > log/2} the map exp : H —>■ A/j is 
also a universal covering and so there exists a biholomorphic map G : U ^ H such that 
/ = exp oG. This construction can be done for every component U of and putting 
W = exp-\AR) we can thus define F -.W ^ H, F{z) = G{e'). Thus expF{z) = f{e') 
and F maps every component of W univalently onto H. We say that F is the function 
obtained from / by a logarithmic change of variable. 

If is a branch of the inverse function of F and ifw^H, then is defined in particular 
in the disk of radius Rew — logi? around w. Thus Koebe's one quarter theorem implies 
that 4>{H) contains a disk of radius ^\(f)'{w)\{Rew — logi?) around 4>{w). Since W and 
hence (piH) do not contain vertical segments of length greater than 27r, and thus in 
particular no disc of radius greater than vr, it follows that 

Ait 

(3.1) |0'HI < ^ 

^ ' \rKJ\- i^ew -logi? 

In terms of F this inequality takes the form 

(3.2) |F'(.)|>^^^M^i^ 

An 

for z eW. 

Another tool we shall use is the Besicovitch covering lemma P, Theorem 3.2.1]. Here 
we denote the ball of radius r around a point x G M" by B{x, r). 

Lemma 3.1. Let K gM."' be bounded and r : K ^ {0, oo). Then there exists an at most 
countable subset L of K satisfying 



K c[j B{x,r{x)) 



such that no point in M" is contained in more than 4^" of the balls B{x,r{x)) , x G L. 

We now begin with the proof of Theorem ll.il Let Ui,U2, ■ ■ ■ be the components of 
{z E C : \f{z)\ > R}. We may assume that R is so large that EJ^{x) ^ oo as n ^ oo for 
X > log R. For j = 1, . . . , we put 

V, = {zeUr.\fiz)\>exp{\zf)} 

and denote by ipj{r) the measure of the set of all t G [0, 2n] such that re** G Vj. It follows 
from Theorem 11.21 that for < k < 1 there exist constants tq and G such that 

f'^'' dt 

loglogM(r,/)>7r / — -- - C 



t^jj.it) 



for r > To/k. Hence 



loglogM(r,/)>7r / I 1 V 1 _ a 
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By the Cauchy-Schwarz inequality we have 



With 



we deduce that 



j=l -rjy , J 
TV 



> 



^ 1 



1 dt 

loglogM(r,/)>iV.y^^ ^--a 
log log M(r, /) < y logr + e{r) logr^—\^J j + log — j + £(r) logr. 



and hence that 



By hypothesis we have 



It follows from the last two inequalities that 



£(r)logr + C + — log— > A^TT ' ' * 



Kr 



27r - 'il){t) dt 



^Ntt [ ^ , , , 
Since £(r) is decreasing and e{r) logr — > oo as r — > oo we obtain 



(3.3) £(2.-,W)f <|(.OlogI + C + ^log 



^1 . Stt 

- I < — £:(r)logr 



for large r. 

Let now F be the function obtained from / by the logarithmic change of variable. 
With W = U^Li (iW~\Uj) and H ^{z eC:Rez> logR} we thus have 

F:W^H, F{z) = log f {en, 

for some branch of the logarithm. Moreover, F maps every component of W bijectively 
onto H. 

The real part of F is large on the set L — UjLi 6xp~^(T^). In fact, 

L^{zeW : ReF(z) > ex.p((3Re z)}. 

We put 

T^{zeL: e L for all n e N}. 

For z eT we then have 

ReF"(^) > E^{Rez) 
and thus Re F'*(^) ^ oo as n ^ oo. It follows that 

|r(e")| =exp(ReF"(^)) ^ oo 

so that exp(r) C /(/). 
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We shall show that area(T) > 0. This then implies that area(/(/)) > 0. In order to 
prove that area(T) > we consider for n > the set 

Tn = {ze L: F^{z) G L for < A; < n} 

so that To = L. Then 

oo 

T = fl T„. 

n=l 

Let 5" = C\L and put 

"^{x) = meas {y G [0, 2tt] : x + iy E S} 
for X > log R. Since foix + iyEL we have e^e*^ G Vj it follows that 

From (13.31) we deduce that 

r ns)ds= f ^{\ogt)^= r (27r-V^(t))^<^e(e>. 
We put 5(x) = e{e^). It follows that if xq > logro, then 

/ '^{s)ds < —5{x)x. 

For z = X + iy E C with x > 2\ogR we denote by Q{z) the square of sidelength x 
centered at z. Thus 

Q{z) = |c G C : |Re C - x| < ^x, I ImC - 2/1 < ^a; 
Now 

rx2 

area {{z G S* : {xi < Re 2; < X2, ?/o ^ I^i -2 < 2/o + Svr}) = / '^{s)ds 

J Xl 

for logi? < Xl < X2 and ?/o G IR- Since Q(z) can be covered by + 1] horizontal strips 
of width 27r we obtain 

(3.4) area(Q(^) n 5) < + l) vl/(,)d, < (|^ + l) ^5 (^x] ^x < p{x)x' 

for large x. Recall that for measurable sets A,B G C the density of A in i? is defined by 

, . ■ area(A fl B) 

dens A, 5 = ' . 

area (is) 

With this notation (13.41) takes the form 

(3.5) dens(^,Q(2)) < ^5(x) 

We now fix 77. G N and consider u G Tn-i\Tn with Re u > for some large number xq 
to be determined later. Put v = F^{u) and Xn = E^{xo), where Ep{x) = e^^ . Then 

Re^; > ^^(Reu) > x„. 

A standard argument (cf. Remark 13.11 at the end of this section) using Koebe's dis- 
tortion theorem shows that for large u and v the branch 0„, of the inverse function of 
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which satisfies 0„(f) = u extends to a univalent map on B{v, |Ref) and thus has 
bounded distortion on Q{v). It follows that there exists a constant K such that 

(3.6) dens(0„(Q(t;) n S),<f)n{Q{v))) < K dens{S,Q{v)) < 

Moreover, Koebe's theorem yields that there exist positive constants a, r such that if 

rn{u) = \4>M\ ■ Ret; = 

then 

(3.7) B{u, arM) C MQiv)) C B{u, rr„(M)). 
It can be deduced from (13. 2 j) and the chain rule that 

(3.8) rn{u) < Svr 

if Xq is sufficiently large. From (13. 6p and (13.71) we can deduce that 

(3.9) dens{F-^{S),Biu,TrM) < ^ (^)'5(x„). 

We now fix wq with Rewo > 2xo and consider the square P = Q{wo). Suppose that 
n G N and 

(3.10) dens(7;_i,P) > ^. 

By Lemma 13. ![ we can find an at most countable subset A of T„_i fl P such that the 
disks B{u,Trn{u)), u & A, cover T„_i fl P, with no point being covered more than 4"^ 
times. With 

P' = <z E C : \ Re{z — Wo)\ < - Re + Svrr, lm{z — Wq) | < - Re + Svrr > 

we have B{u, Trniu)) C P' for all -u G A by (13.81) . and for large xq we also have area(P') < 
2area(P). 

We now deduce from (13.91) and (13.101) that 

area(F-"(5) n T„_i n P) < area [ p-"(^) n |J B{u, rr„(u)) j 

< ^ area(p-'^(5) n B{u, rrniu))) 

:) 5{xn)^aTea{B{u, rrniu))) 



< 



N \a 

With 

_ 16K /r\2 



<^(-) 4^5(xO area(PO 
<^(-) 4^5(x„)area(P) 

-[^K /T\ 2 

-1^ W 4'5(x„)area(T„_inP). 



14 MAGNUS ASPENBERG AND WALTER BERGWEILER 

we thus have 

dens(F-"(S),T„_i n P) < r]5ixn). 
Since F~"(S') fl Tn-i = T„_i\T„ we obtain 

dens(r„_i\r„, r„_i n P) < r75(x„) 



dens(T„,T„_i n P) > 1 - r]6{xn). 



and thus 
Induction shows that 

(3.11) dens(T,, Tq n P) > J](l - r75(xfe)), 

fc=i 

as long as 

(3.12) dens(Tfc, P) > ^ for < n - 1. 
Now 

nn+l/ 



5(x„) = 6{E^^{xo)) = £(exp(P^(xo)) < e{E^^+\xo)) 



$(E^+i(a;o)) /i'^+i$(xo)' 

We conclude that the infinite product nfcLi(l ~ V^i^k)) converges and by choosing xo 
large we may achieve that 

oo „ 

(3.13) JJ(1_^5(3;,))>-. 

k=l 

From (13.51) we deduce that 

(3.14) dens(To, P) = 1 - dens(L, P) > ^ 
for large wq. 

Suppose now that f l3.12p and hence ( 13. lip holds for some n G N. Then, since Tn C Tq, 
dens(T„, P) = dens(T„, P n Tq) ■ dens(To, ^) > ^ " ^ = ^ 
by fl37[3D and (EH. 

Thus (I3.12P and hence (13. lip hold with n — 1 replaced by n. Induction thus shows 
that fl3TID holds for all neN. It follows that 

oo 

dens(T, P n To) > ^(1 " V^i^k)) > ^. 

k=l 

In particular, area(T) > 0. 

Remark 3.1. We used in the proof that the branch 0„ of the inverse function of P" which 
maps V = F'^iu) to u extends to a univalent map on P(f , | Ref ). In order to see this we 
note that if is the branch of which maps v to P"'~^('u), then is univalent in H 
and it follows from (13. ip that 

diam0 (P(t;, |Ref)) < |Ref max |</''(w)| < | Ref < 487r 

if Rev < 8 log P. We conclude that if u and hence F^~^{u) are large enough, then 

{B{v, I Rev)) C B {F--\u), |P"-^(«)) . 
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The above claim now follows by induction. 

Essentially the same argument can be found, e.g., in [Tl|5]. The argument gets much 
simpler if the postsingular set 



Pif)=\J rising if -^)) 

n=0 

is bounded. (Here sing (/~^) denotes the set of singularities of the inverse function of /.) 
We note that if / G -B and fx{z) = Xf{z), then P{fx) is bounded for small A. A theorem 
of Rempe |19j implies that there exists Rx > such that / and fx are quasiconformally 
conjugate on the set {z : |/"(-2)| > -Ra for all n > 0}. Since quasiconformal mappings 
map sets of positive area to sets of positive area, the conclusion for / follows from that 
for fx- Thus it actually suffices to consider the special case that P{fx) is bounded. 

Remark 3.2. Let / be a function meromorphic in the plane which has N logarithmic 
singularities over infinity. Denote by f/i, f/2, . . . , Un the corresponding logarithmic tracts. 
With 

N 

U=\\Uj and Mu{r,f)= max |/(^)| 

^ \z\=r,z&U 

we deduce from the proof that the conclusion of Theorem 11.11 holds if 

loglogMt/(r,/) < (^y + ^('")^ ^^gr 

for large r. It follows from standard estimates of Nevanlinna theory ^ll Theorem 7.1] 
that log M[/(r, /) < 3m(2r, /). Using this it is not difficult to see that the conclusion of 
Theorem 11.11 holds if 

fN \ 
log m(r, /) < ( ^ + ^i^) j ^ogr 

and thus, in particular, if 

log T(r, f) < (^^ + e(r)^ logr. 

The dynamics of meromorphic functions with logarithmic singularities are studied for 
example in [21 [6] . 

4. An example 
We consider Mittag-Leffier's function 



T(an + 1) 



n=0 

for a parameter a G (0,2). It satisfies the following conditions: 

(i) QiE^) = i 

(ii) Ea is bounded in the sector |re** : r > 0, |t — 7r| < (l — |«) tt} 
(in) E^eB 

Properties (i) and (ii) are well-known; see, e.g., [TT], pp. 83-86]. Since we could not 
find a proof of (iii) in the literature, we indicate an argument to prove (iii) below. 

It follows from (ii) and (iii) and a theorem of Eremenko and Lyubich [TOl Theorem 7] 
that area(/(i?Q,)) = 0. Moreover, the arguments yield (cf. [TOj Theorem 8]) that if A > 
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is chosen so small that the Fatou set of XEa consists of a single, completely invariant 
attracting basin, then area(J(Ai?Q,)) = 0. 

We see that there exist functions / G -B whose order is arbitrarily close to | such that 
area(/(/)) = area(J(/)) = 0. Considering f{z) = Ea{z^) we obtain functions where Aji 
has components and where g{f) is close to ^N. Thus the function e(r) in Theorem ll.il 
cannot be replaced by a positive constant e. 

Let us now prove property (iii). From pTl pp. 84-85] we get the following representation 
for Ea, where g = 1/a: 

(4.1) Ea{z) = Wi{z) for ^a-K < \ arg(2;)| < tt, 

(4.2) Ea{z) = W2{z) + g exp {z^) for | arg(z)| < laTr + 5, 

where < 6 < maxjiavr, (l — ^a) vr} and Wi{z) = 0{l/\z\) as \z\ oo, for i = 1,2. 
Note that Properties (i) and (ii) follow immediately from (14.1 p and (14.21) . 

To prove Property (iii), put Ss = {z : \ arg(z)| < ^air + 6}. For z G Ss/2 we have 
B{z, \z\ sin((5/2)) C Ss and Cauchy's formula yields 
(4.3) 

' ' 1 



\E'^{z) - ^V-^exp {z') 



Iw'^iz) 



1 r ».(c)^,^ 



2vri JaB{z,\z\sin{^)) {z - Cy 



o 
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as \z\ oo, uniformly in z & Ss/2- For z E C \ Ss/2 we have B{z, \z\ sin((5/2)) C C \ Sq 
and in the same way Cauchy's formula yields 



\E'^iz)\ = \w[iz)\ = O 



1 

712 



as \z\ — > oo, uniformly in C \ Ss/2- 

We now show that the set of critical values of Ea is bounded. Since Ea is bounded 
in C \ S'o we have to consider only the critical points in 5*0. So let ^ E Sq he a. critical 
point of Ea] that is, E'^{^) = 0. Then 



for some constant Ci by (14.31) and thus 



i^„K)i<.iexp(e)i + |< J^ + il 

for some constant C2 by (14.21) . It follows that the set of critical values of Ea is bounded. 
Since Ea has only finitely many asymptotic values by the Denjoy-Carleman-Ahlfors- 
Theorem, it follows that f E B. (Actually the only asymptotic value of Ea is 0. This 
can be deduced from (14. ip and (14.20 .) 
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